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Abstract
Let X and X! be a pair of symplectic varieties dual with respect
to 3D-mirror symmetry. The K-theoretic limit of the elliptic duality
interface is an equivariant K-theory class m ∈ K(X × X!). We show
that this class provides correspondences
Φm : K(X)  K(X!)
mapping the K-theoretic stable envelopes to the K-theoretic stable
envelopes. This construction allows us to extend the action of various
representation theoretic objects on K(X), such as action of quantum
groups, quantum Weyl groups, R-matrices etc., to their action on
K(X!). In particular, we relate the wall R-matrices of X to the R-
matrices of the dual variety X!.
As an example, we apply our results to X = Hilbn(C2) – the Hilbert
scheme of n points in the complex plane. In this case we arrive at the
conjectures of E.Gorsky and A.Negut from [13].
1 Introduction
1.1
A class of quantum field theories known as “N = 4 three-dimensional SUSY
theories” has been recently attracting growing attention in theoretical physics.
These theories have proven to be very rich in properties and, more impor-
tantly for our purposes, they are intimately connected with geometric repre-
sentation theory.
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The low energy behaviour of 3D-theories is governed by the moduli spaces
of vacua which, from the mathematical standpoint, are certain singular sym-
plectic varieties. The examples include Nakajima quiver varieties, slices in
affine Grassmannians, Hilbert schemes of points and moduli spaces of sheaves
on surfaces - the objects of central importance in contemporaty geometric
representation theory.
An important feature of 3D-theories is the existence of a duality called
3D-mirror symmetry. Informally speaking, for a 3D-theory T this dual-
ity assigns a “mirror” theory T ! which has the same correlation functions
as T . One could say that T and T ! are two “languages” describing the same
phenomena.
In the low energy approximation, the 3D-mirror symmetry relates the
corresponding vacua moduli spaces:
3D-mirror symmetry : X  X!
It is expected that enumerative and topological invariants of the symplec-
tic varieties X and X! are connected in a nontrivial way. In this paper we
study these connections at the level of equivariant elliptic cohomology and
K-theory.
1.2
In algebraic geometry 3D-mirror symmetry is governed by a certain class m
in the equivariant elliptic cohomology of X×X!, which is known as the duality
interface1. The duality interface provides the kernel for the elliptic version
of “Fourier-Mukai transform”, which maps the enumerative invariants of X
to those of X!. Schematically, the partition function Z of a 3D-theory T and
the partition function Z ! of the dual 3D-theory are related by the Fourier
transform
Z ! =
∫
X
mZ (1)
The partition functions in this case can be defined in a mathematically rigor-
ous way as the generating functions for certain equivariant count of rational
curves in X known as vertex functions. We refer to [1, 3] for the definition of
vertex functions and for precise meaning of (1).
1This class was called “the mother function” in [25]
2
1.3
In this paper we are mainly concerned with the K-theory limit of the duality
interface. In this limit, the duality interface degenerates to an equivariant
K-theory class
m0 ∈ K(X× X!)
which provides correspondences
Φm0 : K(X)→ K(X!), Φtm0 : K(X!)→ K(X) (2)
defined by
Φm0 : c 7→ prX!,∗(m0 ⊗ pr∗X(c)), Φtm0 : c 7→ prX,∗(m0 ⊗ pr∗X!(c)),
where prX and prX! denote the canonical projectors
X
prX←−−−− X× X! prX!−−−−→ X!. (3)
We show that the correspondences Φm0 and Φ
t
m0
map the K-theoretic stable
envelope classes of X to the K-theoretic stable envelope classes of X! and vice
versa. We will refer to this property as factorization of Φm0 .
We recall that the K-theoretic stable envelope classes of a variety X is
a certain distinguished basis in equivariant K-theory K(X), see [22, 24] for
definitions.
1.4
As we discuss in the next section, a part of the 3D-mirror symmetry data is
the identification of the torus fixed points:
FP := XT ∼= (X!)T! (4)
where T and T! denote algebraic tori acting on the dual varieties. This
identification arises when the set FP is finite, which is the case considered in
this paper.
The K-theoretic stable envelopes of X and X! can be defined as certain
classes [22]:
StabX ∈ K(FP× X), StabX! ∈ K(FP× X!).
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which may also be viewed as correspondences:
K(X)
StabX←−−−−− K(FP) StabX
!
−−−−−−→ K(X!).
The factorization of Φm0 then means that
Φm0 = Stab
X! ◦
(
StabX
)t
, Φtm0 = Stab
X ◦
(
StabX
!
)t
. (5)
which explains the terminology.
1.5
More generally, we will also consider twisted K-theoretic limits of the duality
interface. To an element s ∈ H2(X,R) we will associate a cyclic group µs,
acting on X!, and a subvariety Ys = (X
!)µs ⊂ X!. The twisted K-theoretic
limit of the duality interface then gives an equivariant K-theory class
ms ∈ K(X× Ys).
Similarly to (2) this class provides correspondences
Φms : KT(X)  KT!(Ys), (6)
mapping the K-theoretic stable envelopes to the K-theoretic stable envelopes.
This construction allows us to extend various representation theoretic
objects acting on K(X), such as R-matrices, quantum Weyl and braid groups,
to actions on K(Ys) and vice versa.
1.6
In K-theory the stable envelope bases are determined by a choice of s ∈
H2(X,R) which is called the slope parameter. It is known that the stable
bases change only when s crosses hyperplanes from a certain hyperplane
arrangement Walls(X) ⊂ H2(X,R). The transition matrix RX(s) between the
stable envelope bases on two sides of a wall is called the wall R-matrix. In
Section 7, we use Φms to relate the wall R-matrices of X with those of Ys.
We show that, up to a conjugation by a certain explicit diagonal operator,
in the basis of common fixed points (4) we have an identity
RX(s) =
∏
s′
RYs(s′) (7)
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where the right side is the product of the wall R-matrices of Ys corresponding
to hyperplanes passing through 0 ∈ H2(Ys,R). In other words, the right side
is the transition matrix between the stable bases of K(Ys) with slopes from
ample and anti-ample alcoves.
1.7
The equivariant K-theories of varieties appearing as moduli spaces of vacua,
are often equipped with natural actions of affine quantum groups
U~(ĝX) y K(X).
The theory of the K-theoretic stable envelopes is a natural tool to construct
and describe this action [22, 24]. For instance, K-theoretic stable envelopes
often provide distinguished bases of K(X) in which the action of quantum
groups takes the simplest form. As an example - the standard and costan-
dard bases of U~(ĝln)-modules are the incarnations of the stable envelope
bases [21]. In this light, the relation between the K-theoretic stable envelopes
arising from 3D-mirror symmetry (6) bridges the representation theories of
the quantum groups associated with X and Ys.
In Section 8 we apply this idea to the example X = Hilbn(C2) - the Hilbert
scheme of n points in the plane. In this case H2(X,R) ∼= R and interesting
phenomena occur at rational points s = a
b
∈ Q with b ≤ n. The components
of Ys are isomorphic to Nakajima varieties associated with the cyclic quiver
with b vertices, see Fig.2. The K-theories of Ys are equipped with a natural
action of the quantum affine algebra U~(ĝlb). As a U~(ĝlb)-module K(Ys) is
isomorphic to the so-called Fock representation of level 1:
U~(ĝlb) y K(Ys) ∼= Fock
Thus, 3D-mirror symmetry (6) for s = a
b
provides a certain natural actions
of U~(ĝlb) on K-theories of Hilbert schemes Hilb
n(C2).
The identity (7) then says that the transition matrix between the standard
and costandard bases of the Fock U~(ĝlb)-module is equal to the wall R-
matrix of Hilbn(C2) for the wall s = a
b
. In this way we prove the conjectures
discussed by E.Gorsky and A.Negut in [13].
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1.8
The main objective of this series of papers is to use Φms to gain a better
geometric understanding of the wall crossing operators and the quantum dif-
ference equations discussed in [24]. The wall crossing operators, acting on
K(X), provide a geometric version of quantum dynamical Weyl groups [10].
We expect that 3D-mirror symmetry exchanges the action of the wall cross-
ing operators on K(X) with action of the dynamical R-matrices on K(X!),
which leads us to much deeper understanding of these operators.
Ideas developed here also have direct applications to enumerative geome-
try, in particular, various limits of vertex functions investigated in [7, 8, 9, 15]
is similar to the limits of m studied in this paper.
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2 Data of 3D-mirror symmetry
2.1
Let X denote a branch of a vacua moduli space of 3D-theory and X! the
corresponding branch of the dual theory provided by 3D-mirror symmetry.
As mentioned already, we assume that both X and X! are smooth, i.e., we
are working with resolutions of singularities. The resolutions of singularities
are typically controlled by a choice of an element θ ∈ H2(X,R). Depending
on the context, θ may manifest itself as a choice of a stability condition for
quiver varieties, or as a choice of a convolution diagram for slices in affine
Grassmannians, etc.
We denote by T be the maximal torus of the group Aut(X) acting on X
by automorphisms. This torus scales the symplectic form by the character
which is traditionally denoted by ~. We denote by A = ker(~) the subtorus
preserving the symplectic form, so that T = A × C×~ . We define the Ka¨hler
torus of X by K = Pic(X) ⊗Z C×. It will be convenient to think of θ as a
cocharacter θ ∈ LieR(K).
The coordinates in the torus A are traditionally referred to as equivariant
parameters and in the torus K as Ka¨hler parameters due to their role in
enumerative geometry.
We will denote by T!,A!,K!, ~!, θ! the same data associated with X!.
Given a torus T we will denote by T∧ and T∨ the lattices of characters
and cocharacters respectively.
2.2
Another assumption we impose on X (and X!) is that the set XA is finite. We
expect that both the smoothness of X and finiteness of XA are superfluous, but
working in a more general setting requires overcoming significant technical
hurdles, see [23] for current progress in this direction, and we postpone it
for further investigations. Even with the mentioned assumptions, the class
of varieties for which our treatment applies is large enough. The examples
include quiver varieties of finite and affine An-type, resolutions of slices in
affine Grassmannians of An-type, bow varieties [20], etc.
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2.3
3D-mirror symmetry imposes constraints on the data associated with dual
varieties. The first condition is the existence of isomoprhisms2
κ : A→ K!, K→ A!, C×~ → C×~! . (8)
Informally, (8) means that 3D-mirror symmetry exchanges the equivariant
and the Ka¨hler parameters.
We denote
σ = dκ−1(θ!) ∈ LieR(A), σ! = dκ(θ) ∈ LieR(A!). (9)
The cocharacters σ, σ! conveniently define attracting and repelling directions
in tangent spaces at fixed points. We define the attracting set of p ∈ XA by
Attrσ(p) = {x ∈ X : lim
z→0
σ(z) · x = p}
and the full attracting set Attrfσ(p) as the smallest closed subset of X which
contains p and is closed under taking Attr. There is a partial ordering on
the torus fixed points of X defined by
p1  p2 ⇔ p2 ∈ Attrfσ(p1), (10)
The same applies to X! with σ replaced by σ!.
2.4
The second condition is the existence of a bijection
XA → (X!)A! (11)
which inverses the partial order on the fixed points. Given an A-fixed point
p ∈ XA we will denote by p! the corresponding A! - fixed point of X!.
2More generally, κ also includes an extra torus C×q acting on the source of quasimaps.
For the purposes of this paper this is not relevant, as the elliptic functions we deal with
are q-periodic.
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2.5
Let E = C×/qZ be an elliptic curve and let EllT(X) denote the corresponding
equivariant elliptic cohomology scheme of a T-variety X [3, 12, 16, 28, 11].
For instance
EllT(pt) := T
/
qT
∨ ∼= Edim(T).
We denote by ET(X) = EllT(X)×EllT!(pt) = EllT(X)× (K/qK∨) the extension
of this scheme.
The elliptic stable envelope StabX,Ellσ (p) is a section of a certain line bundle
over scheme ET(X) which can be constructed from a choice of p ∈ XA and
generic σ ∈ LieR(A). For the definition and construction of StabX,Ellσ (p) we
refer to [3, 23].
We recall also that “generic” σ means that it is from the set
LieR(A) \ {σ : 〈v, σ〉 = 0, v ∈ charA(TpX), p ∈ XA} =
∐
C (12)
where C denote chambers representing connected components of this set.
The stable envelope StabX,Ellσ (p), as a function of σ, depends only on the
chamber C.
2.6
For a T-fixed point p ∈ X, and T!-fixed point p! ∈ X! we have T × T!-
equivariant embeddings:
X = X× {p!} −→ X× X! ←− {p} × X! = X!.
Functoriality of elliptic cohomology induces:
ET(X)
i
p!∗−→ EllT×T!(X× X!) ip∗←− ET!(X!).
where ET(X) = EllT(X)×EllT!(pt) = EllT(X)×(K/qK∨), see [25, 26] for details
of this construction.
We will need a twisted version of this section, which differs from normal-
ization accepted in [3] by a prefactor:
StabX,Ellσ (p) = Θ(N
−
p!
) · StabX,Ellσ (p)
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where Θ(N−
p!
) is the section given explicitly by
Θ(N−
p!
) =
∏
w∈char
T!
(T
p!
X!)
σ!(w)<0
ϑ(aw)
i.e., the product goes over the T!-characters of the tangent space which take
negative values at the cocharacter σ!. Similarly, we have twisted stable en-
velopes on the dual side
StabX
!,Ell
σ!
(p!) = Θ(N−p ) · StabX
!,Ell
σ!
(p!).
From the definition of the stable envelopes [3] it follows that in this normal-
ization we have:
StabX,Ellσ (p)
∣∣
p
= StabX
!,Ell
σ!
(p!)
∣∣∣
p!
= Θ(N−p ) ·Θ(N−p! ) (13)
The third condition imposed by 3D-mirror symmetry is the requirement that
the sections StabX,Ellσ (p) , p ∈ XA and StabX
!,Ell
σ!
(p!), p! ∈ (X!)A! glue to one
global section over elliptic cohomology of X× X!:
Definition 1. We say that a variety X! is a 3D-mirror of X if:
• There is an isomorphism (8),
• There is a bijection (11),
• There exists a line bundle M over the scheme EllT×T!(X × X!) and a
section m such that:
i∗p!(m) = Stab
X,Ell
σ (p), i
∗
p(m) = Stab
X!,Ell
σ!
(p!). (14)
2.7
Many examples of pairs X and X! satisfying Definition 1 have been found
recently. In [25] for X = T ∗Gr(k, n) with n ≥ 2k (where Gr(k, n) denotes
the Grassmannian of k-planes in Cn) we construct X! as a certain quiver
variety. In [26] we show that X ∼= X! ∼= T ∗(G/B) where G/B stands for the
full flag varieties of G = GL(n). This result were further extended to flag
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varieties of arbitrary Lie groups in [27], in which case X = T ∗(G/B) and
X! = T ∗(GL/BL) where GL denotes the Langlands dual of G.
Finally, in [30] X! is constructed for an arbitrary hypertoric variety X. In
this case, the duality interface m can be described explicitly, see Theorem
6.4 in [30].
In general, if one has a vacua moduli space X, physicists predict what X!
is. For instance, if X is a bow variety then X! is the bow variety obtained by
switching the • - type and x - type vertices in the bow diagram of X [20].
Computing the stable envelopes and checking properties listed in Definition
1 is, however, a non-trivial problem. Nevertheless, we expect that the list of
pairs (X,X!) satisfying Definition 1 will grow in the nearest future.
2.8
In a very general setting, one can define 3D-theory for a pair (G,M) where G
is a simply connected Lie group and M its symplectic representation. In this
case one defines the “Higgs branch” of the theory as a hyperka¨hler reduction:
X = M//G
Recently, in the series of papers [19, 6, 5] the authors proposed a mathe-
matical definition of the “Coulomb branch” of a 3D-theory. It is expected
that if the Coulomb branch admits symplectic resolution with finite set of
fixed points then this construction provides X!. The examples discussed in
the previous subsection are in agreement with this expectation.
3 Quasiperiods of the restriction matrices
3.1
We identify characters and cocharacters of the Ka¨hler torus K with
K∨ = H2(X,Z), K∧ = H2(X,Z).
in particular LieR(K) = H
2(X,R). We assume that
c1 : Pic(X)→ H2(X,Z)
defined by the first Chern class L → c1(L ) is an isomorphism of lattices.
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3.2
For a fixed point p ∈ XA we have a natural homomorphism:
χp : K
∨ → A∧, c1(L ) 7→ δ, determined by aδ = L |p ∈ KA(pt).
Depending on the context, it will be convenient to view it as a pairing
χp : K
∨ ⊗ A∨ → Z.
or as a map
χ : XA → K∧ ⊗ A∧.
Proposition 1. Let C ∼= P1 be a A-equivariant curve in X connecting two
torus fixed point p+, p− ∈ XA. Let σ ∈ A∧ be a generic cocharacter. Assume
that v ∈ A∧ is the character of Tp+C (then the character of Tp−C equals −v)
such that 〈v, σ〉 > 0, then
χp+ − χp− = [C]⊗ v (15)
Proof. By the A-equivariant localization
〈c1(L ), [C]〉 =
c1(L )|p+
v
+
c1(L )|p−
−v ,
thus
c1(L )|p+ − c1(L )|p+ = 〈c1(L ), [C]〉v
which is exactly the value of χp+ − χp− at c1(L ).
Remark 1. (15) defines χ up to a shift by an element of K∧ ⊗ A∧. In
particular, it determines χ from its value at one point p ∈ XA.
3.3
Let us consider the matrix:
T˜Xp,r(z,a) :=
StabX,Ellσ (p)
∣∣
r
Θ(N−r )
=
StabX,Ellσ (p)
∣∣
r
Θ(N−r )Θ(N
−
p!
)
, p, r ∈ XA, (16)
consisting of the fixed point components of elliptic stable envelopes. By (13)
T˜Xr,r(z,a) = 1. The identity (14) then gives:
T˜Xp,r(z,a) = κ
∗(T˜X
!
r!,p!(z,a)). (17)
where κ∗ means that the parameters of X are identified with those of X! via κ.
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Remark 2. By definition, StabX,Ellσ (p) is supported at Attr
f
σ(p), and thus
T˜Xp,r(z,a) is a lower triangular matrix if the fixed points X
A are ordered
by (10) (from lowest to highest) associated with σ.
Remark 3. From (17) we also see the partial orders on XA and (X)A
!
asso-
ciated with σ and σ! must be inverses of each other.
3.4
The map χ controls quasiperiods of the elliptic stable envelopes [3]. For
σ ∈ A∨ and δ ∈ K∨ we have:
T˜Xp,r(zq
σ,a) = aχp(σ,·)−χr(σ,·)T˜Xp,r(z,a),
T˜Xp,r(z,aq
δ) = zχp(·,δ)−χr(·,δ)T˜Xp,r(z,a).
It also controls vanishing of the matrix elements T˜Xp,r(z,a):
Proposition 2. Let T˜Xp,r(z,a) be the matrix of restrictions of the stable en-
velopes corresponding to a chamber C ⊂ LieR(A). If T˜Xp,r(z,a) 6= 0 then
χp − χr ∈ H2(X,Z)eff ⊗ A∧>
where A∧> denotes the cone of characters positive on C.
Proof. The elliptic stable envelope of p ∈ XA is supported at Attrf (p), so
if T˜Xp,r(z,a) 6= 0 then r ∈ Attrf (p). This condition means that there exists
a chain of invariant curves C connecting the points p and r such that the
character TpC is positive at C. The result follows from Proposition 1.
4 K-theoretic limits for regular slopes
4.1
Before we discuss the general situation, let us consider an example which
reveals relevant properties of the elliptic functions and their trigonometric
limits. Let us consider a function
f(z, a) =
ϑ(az)
ϑ(a)ϑ(z)
.
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where
ϑ(x) = (x1/2 − x−1/2)
∞∏
i=1
(1− xqi)(1− x−1qi)
is the odd Jacobi theta-function. For s ∈ R an elementary calculation gives:
lim
q→0
f(zqs, a) =

a−bsc
a− 1 , s 6∈ Z,
1− za
(a− 1)(1− z)a
−s, s ∈ Z,
where bsc ∈ Z denotes the integral part of s. The same works for the limit
of f(z, aqs) by symmetry z ↔ a.
We see that the q → 0 limit of f(zqs, a)
• is a piecewise constant functions of s ∈ R,
• changes only when s crosses “walls” located at Z ⊂ R,
• for regular s, i.e., s ∈ R \ Z the limit does not depend on z.
4.2
TheK-theoretic limit of the elliptic stable envelopes is a multivariable version
of the previous example.
Theorem 1 ([3, 23]). For s ∈ H2(X,R) the limit lim
q→0
T˜p,r(zq
s,a):
• is a piecewise constant function of s,
• changes only when s crosses a hyperplane from a certain hyperplane
arrangement Walls(X) ⊂ H2(X,R),
• for regular slopes s ∈ H2(X,R) \Walls(X) the limit does not depend on
the Ka¨hler parameters z. In this case the limit equals
lim
q→0
T˜p,r(zq
s,a) = A˜[s],Xp,r
where A˜
[s],X
p,r is the matrix of fixed point components of the K-theoretic
stable envelopes of X with the slope s:
A˜[s],Xp,r =
Stab[s],X,Kσ (p)
∣∣∣
r
Stab[s],X,Kσ (r)
∣∣∣
r
. (18)
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Remark 4. We note that the matrix A˜
[s],X
p,r is normalized as in (16) so that
A˜
[s],X
r,r = 1 for r ∈ XA.
For the definitions of the K-theoretic stable envelope classes Stab[s],X,Kσ (p) ∈
KT(X) of fixed points p ∈ XT we refer to [22, 24].
4.3
For an element w = (w1, . . . , wn) ∈ LieR(A) ∼= Rn we consider ω = e2piiw =
(e2piiw1 , . . . , e2piiwn) ∈ A. Let νw ⊂ A be the cyclic subgroup generated by ω.
In [14] we considered the following set
Res(X) := {w : Xνw 6= XA} ⊂ LieR(A).
which we called the set of resonances. It is known that Res(X) is an arrange-
ment of hyperplanes in LieR(A) given explicitly by:
Res(X) = {w ∈ LieR(A) : 〈α,w〉+m = 0, m ∈ Z, α ∈ charA(TpX), p ∈ XA}
see Proposition 5 in [14].
Theorem 2. 3D-mirror symmetry switches the walls with the resonances:
Res(X) = Walls(X!), Res(X!) = Walls(X),
where we identify LieR(A) ∼= LieR(K!) and LieR(K) ∼= LieR(A!) via κ.
The limit lim
q→0
T˜p,r(z,aq
w):
• is a piecewise constant function of w ∈ LieR(A),
• changes only when w crosses a hyperplane in Res(X),
• is independent on the equivariant parameters a when w ∈ LieR(A) \
Res(X).
In this case the limit is equal
lim
q→0
T˜p,r(z,aq
w) = Z˜
[w],X!,K
r!,p!
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where Z˜
[w],X!,K
r!,p!
denotes the matrix of fixed point components of the K-
theoretic stable envelopes of X! with slope w ∈ LieR(A) ∼= H2(X!,R):
Z˜
[w],X!
p!,r!
=
Stab
[w],X!,K
σ!
(p!)
∣∣∣
r!
Stab
[w],X!,K
σ!
(r!)
∣∣∣
r!
(19)
where we assume that the fixed points and the parameters are identified
by (11) and (8).
Proof. All statements follow from Theorem 1, Proposition 5 in [14] and 3D-
mirror symmetry relation (17).
5 K-theoretic limit for non-regular slopes
5.1
We need the following orthogonality of the K-theoretic stable envelopes
Lemma 1.
χX
(
Stab
[−s],X,K
−σ (p)⊗ Stab[s],X,Kσ (r)
)
= δp,r
Proof. Proposition 1 in [24].
Recall that a slope s ∈ H2(X,R) \Walls(X) is called regular.
The following theorem described the limit of the elliptic stable envelope
to a wall as a product of two operators, one of which depends significantly
on equivariant, and the other on Ka¨hler parameters.
Theorem 3. Let s ∈ H2(X,R) and s′ is a regular slope from a small analytic
neighborhood of s, then the limit factorizes
lim
q→0
T˜ (zqs,a) = Z˜
′′
A˜[s
′],X
where A˜[s
′],X = (A˜
[s′],X
p,r )p,r∈XA is the matrix of K-theoretic stable envelope of X
with slope s′ defined by (18). The matrix elements of Z˜ are monomials in a:
Z˜
′′
p,r = Z
′
p,ra
χp(s,·,)−χr(s,·), Z˜
′
p,r ∈ Q(z, ~).
In particular
Z
′
p,r 6= 0 ⇒ χp(s, ·, )− χr(s, ·) ∈ A∧.
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Proof. Let Tp,r(z,a) := Stab
X,Ell
σ (p)
∣∣
r
. The collection lim
q→0
Tp,r(z q
s,a) for
r ∈ XA are the fixed point components of certain integral K-theory class,
which we denote by
Γ(p) ∈ KT(X)⊗Q(z, ~).
By Theorem 1 we have
lim
q→0
Tp,r(z q
s′ ,a) = A[s
′],X
p,r = Stab
[s′],X,K
σ (p)
∣∣∣
r
Let us consider the matrix
Z˜ ′′ :=
(
lim
q→0
T˜ (z qs,a)
)(
A˜[s
′],X
)−1
=
(
lim
q→0
T (z qs,a)
)(
A[s
′],X
)−1
By Lemma 1, the inverse of the matrix A[s
′],X is the matrix of K-theoretic
stable envelope for inverse cocharacter −σ and inverse slope −s′. This means
that
Z˜
′′
p,r = χX
(
Stab
[−s′],X,K
−σ (r)⊗ Γ(p)
)
∈ KT(pt)⊗Q(z, ~).
In particular, Z˜
′′
p,r is a Laurent polynomial in equivariant parameters a. Com-
putation in the equivariant localization gives
Z˜
′′
p,r =
∑
l∈XT
Stab
[−s′],X,K
−σ (r)
∣∣∣
l
Γ(p)|l∧• (TlX∨) (20)
The a-degrees of terms in this sum can be estimates from the “window con-
dition” for stable envelopes, see Section 9.1.9 in [22]. This condition gives:
degA
(
Stab
[−s′],X,K
−σ (r)
∣∣∣
l
)
⊂ NP+ + χr(−s′, ·)− χl(−s′, ·). (21)
and
degA (Γ(p)|l) ⊆ NP− + χp(s, ·)− χl(s, ·), (22)
where
NP± = Newton polygon of the Laurent polynomial
∏
δ∈charA(TlX)
±σ(δ)>0
(
1− aδ) .
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We recall that (22) means that the the a-Newton polygon of a Laurent poly-
nomial Γ(p)|l is contained in the polygon NP− shifted by χp(s, ·) − χl(s, ·).
The same for (21). Next,∧•
(TlX
∨) =
∏
δ∈charA(TlX)
(
1− aδ) ∈ KA(pt).
We conclude that
Z˜
′′
p,r =
∑
l∈XT
fl∏
δ∈charA(TlX)
(1− aδ)
where fl is a Laurent polynomial in equivariant parameters a whose Newton
polygon is contained in the Newton polygon of the denominator∏
δ∈charA(TlX)
(1− aδ)
after the shift by the character χp(s, ·)−χr(s′, ·)+χl(s′−s, ·). We can rewrite
this shift as:
χp(s, ·)− χr(s, ·)− χr(s′ − s, ·) + χl(s′ − s, ·).
Thus, at arbitrary infinity a→∞ of the torus A the terms of Z˜ ′′p,r grow not
faster than
aχp(s,·)−χr(s,·)−χr(s
′−s,·)+χl(s′−s,·)
By assumption of the theorem s′−s is a small slope. It means that that the
degrees of a-monomials appearing in the Laurent polynomial Z˜
′′
p,r are located
in some small neighborhood of χp(s, ·) − χr(s, ·). The only possibility is if
Z˜p,r is itself a monomial in a
Z˜
′′
p,r = a
χp(s,·)−χr(s,·)Z
′
p,r
for some Z
′
p,r ∈ Q(z, ~). Finally, if Z ′p,r 6= 0 then Z˜ ′′p,r is a Laurent polynomial
only if its weight is integral χp(s, ·)− χr(s, ·) ∈ A∧.
Corollary 1. Let s be such that it belongs to exactly one hyperplane of
Wall(X) then
Z˜
′
p,r 6= 0 =⇒ χp − χr = [C]⊗ v ∈ H2(X,Z)eff ⊗ A∧>
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Proof. In this case the values 〈χp − χr, s〉 is the same for all s on the wall.
Its only possible if
χp − χr = [C]⊗ v
and the equation of the wall is 〈[C], s〉 = n for some n ∈ Z. The result
follows from Proposition 2.
5.2
Let U0 ⊂ H2(X,R) denote a small analytic neighborhood of 0 ∈ H2(X,R).3
Let Wall0(X) ⊂ Wall(X) denote the subset of hyperplanes passing through 0
and
U0 \Wall0(X) =
∐
D(X)
be the decomposition to connected components (chambers). We denote by
D+(X) the chamber which contains ample line bundles, and by D−(X) =
−D+(X). The elements of U0 are called small slopes. The elements of D+(X)
(respectively from D−(X)) are called small ample slopes (respectively small
anti-ample).
5.3
We denote by
D±(X!) = dκ(±C) ∩U0 ⊂ H2(X!,R)
small slopes for X!. By Theorem 2, the resonances of X are the same as walls
of X!. Thus D+(X
!) and D−(X!) are actually small ample and anti-ample
slopes of X!.
If s is not regular then by Theorem 2 we can view it as element of
Res(X!) and thus we have a non-trivial subvariety Ys ⊂ X!. Finally we de-
note D±(Ys) = i∗(D±(X!)) where i∗ : H2(X,R) → H2(Ys,R) is induced by
inclusion.
In the notations of Section 3.2 of [14] we have:
3By small we mean that
U0 ∩ (Wall(X) \Wall0(X)) = ∅
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Theorem 4. Let s ∈ Walls(X) and ε ∈ D+(X) be a small ample (or anti-
ample ε ∈ D−(X) ) slope of X, such that s′ = s+ ε is a regular slope. Then,
the matrix Z˜ ′ in Theorem 3 has the form
Z˜ ′ = H Z˜ H−1
where Z˜ is the matrix of K-theoretic stable envelopes of Ys with small ample
slope:
Z˜r,p =
Stab
D+(Ys),Ys,K
σ!
(p!)
∣∣∣
r!
Stab
D+(Ys),Ys,K
σ!
(p!)
∣∣∣
p!
(respectively,
Z˜r,p =
Stab
D−(Ys),Ys,K
σ!
(p!)
∣∣∣
r!
Stab
D−(Ys),Ys,K
σ!
(p!)
∣∣∣
p!
with small anti-ample slopes), and H denotes a diagonal matrix in powers of
~:
H := diag
(
(−1)γp(s)~mp(s)/2
)∣∣∣
p∈XT
, (23)
with γp(s) = rk(indp − indνsp )
Proof. Assume first that ε ∈ D+(X). By factorization Theorem 3 we have
a−χ(s,·) lim
q→0
T˜X(zqs,a)aχ(s,·) = a−χ(s,·)Z˜
′′
A˜[s
′],Xaχ(s,·) = Z˜
′
a−χ(s,·)A˜[s
′],Xaχ(s,·)
Note that for p  r by Proposition 2 we have
χp(s
′ − s,C)− χr(s′ − s,C) > 0
The “window” condition for the K-theoretic stable envelopes, which bounds
the a-degrees of matrix elements of A[s
′],X, then implies that
lim
a→0C
(
a−χ(s,·)A[s
′],Xaχ(s,·)
)
= Id.
where we denote lim
a→0C
f(a) = lim
z→0
f(σ(z)) for a cocharacter σ : C× → A from
the chamber C. Thus, we have:
Z˜
′
= lim
a→0C
(
a−χ(s,·) lim
q→0
T˜X(a, zqs)aχ(s,·)
)
.
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Now, we change the perspective - we consider the last limit from the point
of view of X! using (17). We change the roles of parameters a↔ z using the
isomorphism (8). From X!-standpoint the last limit has the form:
Z˜
′
= lim
z→0
D+(X
!)
(
z−χ(s,·) lim
q→0
T˜X
!
(aqs, z) zχ(s,·)
)
.
(Important: now a denotes the equivariant and z the Ka¨hler parameters of
X!). The proof follows from Theorem 2 in [14].
The proof for ε ∈ D−(X) is the same with C,D+(X!),D+(Ys) replaced by
−C,D−(X!),D−(Ys) respectively.
Now it becomes clear why operators in the factorization theorem (3) are
in that specific order. The reason is that there is natural identification of
fixed points, while supposedly there are no natural isomorphisms between
K(X) and K(X !).
6 K-theoretic duality interfaces
6.1
For s = 0 by Theorems 3 and we have
T˜K = lim
q→0
T˜ (z,a) = Z˜ A˜ (24)
with
A˜p,r =
Stab[±ε],X,Kσ (p)
∣∣∣
r
Stab[±ε],X,Kσ (r)
∣∣∣
r
, Z˜p,r =
Stab
[±ε],X!,K
σ!
(r!)
∣∣∣
p!
Stab
[±ε],X!,K
σ!
(p!)
∣∣∣
p!
where ±ε denote small ample or anti-ample slopes. It is natural to consider
the following matrix
M±p,r := Stab
[±ε],X!,K
σ!
(p!)
∣∣∣
p!
T˜Kp,r Stab
[±ε],X,K
σ (r)
∣∣∣
r
. (25)
with elements M±p,r ∈ KT×T!(pt).
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Proposition 3. Let us consider a class m±0 ∈ KT×T!(X× X!) defined by
m±0 =
∑
p∈FP
Stab[±ε],X,Kσ (p)  Stab
[±ε],X!,K
σ!
(p!),
where FP is the common set of torus fixed points (4), and  denotes the
tensor product of K-theory classes of X×X! pulled back from from the factors
via the canonical projections then,
• These classes coincide, i.e, m0 := m+0 = m−0 .
• The matrix (4) is the fixed point components of m0:
(r, p!) ∈ (X× X!)T×T! ⇒ m0|(r,p!) = M+p,r = M−p,r.
Proof. Clear from Theorems 3 and 4.
6.2
Let us denote KT = KT(pt)loc, KT! = KT!(pt)loc.
Let prX and prX! be projections (3). With our assumption on the fixed
points, we can define push-forward maps using equivariant localization:
KT(X)loc ⊗KT!
prX,∗←−−−−− KT×T!(X× X!)
pr
X!,∗−−−−−→ KT!(X!)loc ⊗KT.
Thus we can define maps of K-theories:
Φm0 : KT(X)→ KT!(X!)loc ⊗KT, Φtm0 : KT!(X!)→ KT(X)loc ⊗KT!
defined by
Φm0 : c 7→ prX!,∗(m0 ⊗ pr∗X(c)), Φtm0 : c 7→ prX,∗(m0 ⊗ pr∗X!(c)).
Proposition 4. The correspondences Φm0 and Φ
t
m0
map the stable envelope
classes to the stable envelope classes:
Φm0
(
Stab[±ε],X,Kσ (p)
)
= Stab
[∓ε],X!,K
−σ! (p
!),
Φtm0
(
Stab
[±ε],X!,K
σ!
(p!)
)
= Stab
[∓ε],X,K
−σ (p).
Proof. The proof follows from Proposition 3 and the following orthogonality
of stable envelopes with respect to the Euler characteristic χX
χX
(
Stab[s],X,Kσ (p)⊗ Stab[−s],X,K−σ (r)
)
= δp,r
which holds for all s and σ, see Section 1.9.16 in [22].
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6.3
For s 6= 0 the situation differs only by appearance of aχ(s,·) in Theorem 3.
This weight χp(s, ·) ∈ H2(X,Q) is not necessarily integral and thus aχp(s,·) 6∈
KT(X) in general. Therefore, we are forced to work with certain extensions
of the K-theory rings. In this section, K̂ denotes a formal extension of a ring
K by the elements a±χp(s,·).
We can consider the following matrix
M
[s],±
p,r =
(−1)γp(s)~−mp(s)/2aχp(s,·)H−1p StabD±(Ys),Ys,Kσ! (p!)
∣∣∣
p!
T˜
[s],K
p,r Stab
[s±ε],X,K
σ (r)
∣∣∣
r
where mp(s) and γp(s) are as in (23). By definition M
[s],±
p,r ∈ K̂T×T!(pt).
Similarly to our consideration in the previous subsection we conclude that
the coefficients of this matrix glue to a K-theory class ms in KˆT×T!(X× X!).
m±s =
∑
p∈FP
((−1)γp(s)~−mp(s)/2a−χp(s,·)Stab[s±ε],X,Kσ (p))  StabD±(Ys),Ys,Kσ! (p!)
and arguing as above we obtain:
Theorem 5.
•
ms := m
+
s = m
−
s
• The matrix M [s],+p,r = M [s],−p,r is the fixed point components of ms:
(r, p!) ∈ (X× Y)T×T! ⇒ ms|(r,p!) = M+p,r = M−p,r.
• The correspondences
Φms : KT(X)→ K̂T!(Y)loc ⊗KT, Φtm0 : KT!(Y)→ K̂(X)loc ⊗KT!
defined by
Φms : c 7→ prX!,∗(ms ⊗ pr∗X(c)), Φtm0 : c 7→ prX,∗(ms ⊗ pr∗X!(c)),
map the stable envelope classes to the twisted stable envelope classes
Φms(Stab
[s±ε],X,K
σ (p)) = (−1)γp(s)a−χp(s,·)~−mp(s)/2 Stab[∓ε],Ys,K−σ! (p!),
Φtms(Stab
[±ε],Ys,K
σ!
(p!)) = (−1)γp(s)aχp(s,·)~mp(s)/2 Stab[s∓ε],X,K−σ (p).
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7 Wall-crossing operators
7.1
Let us consider a slope s ∈ H2(X,R). We can always choose small ample
slope ε ∈ D+(X) so that
• s± ε 6∈ Wall(X), i.e., both s+ ε and s− ε are regular.
• If s in not regular, then it is the only non-regular slope on the R-
segment connecting points s+ ε and s− ε in H2(X,R):
(s− ε, s+ ε) ∩Wall(X) =
{
s
∅
In this situation, we define the following operator
RX(s, σ) = (Stab[s−ε],X,Kσ )
−1 ◦ Stab[s+ε],X,Kσ ∈ End(KT(XA)loc). (26)
This operator describes the change of K-theoretic stable envelope corre-
sponding to infinitesimal change of slope parameters from s − ε to s + ε.
Clearly, if s is regular then RX(s, σ) = Id.
Definition 2. If s belongs to exactly one hyperplane of Wall(X) then RX(s, σ)
is called wall R-matrix.
Remark 5. Another distinguished operator is RX(0, σ). It describes the
change of the K-theoretic stable envelopes from small anti-ample to small
ample slopes.
Remark 6. Clearly, in general RX(s, σ), is a product of several wall R-
matrices. For instance
RX(0, σ) =
∏
RX(s, σ)
where the product is over the wall R-matrices corresponding to the walls
passing through 0 ∈ H2(X,R).
Remark 7. The wall R-matrices are important objects of geometric repre-
sentation theory. They were investigated for X given by Springer resolutions
in [31]. It was shown that the action of wall R-matrices generate the action
of the affine Hecke algebra on KT(X) is this case.
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Interesting conjectures about these operators for X = Hilbn(C2) – the
Hilbert scheme of points in C2 – are discussed in [13] (see Section (8) below
for this example).
In general, the wall R-matrices RX(s, σ) are solutions of the quantum
Yang-Baxter equations, and thus can be used to construct actions of quantum
groups on KT(X
A) [24].
Proposition 5 ([24]). Let RX(s, σ)p,r be the matrix elements of a wall R-
matrix RX(s, σ) in the basis of the torus fixed points, then
RX(s, σ)p,r 6= 0 =⇒ χp − χr = [C]⊗ v ∈ H2(X,Z)eff ⊗ A∧>
Proof. The argument repeat the proof of Corollary 1 and Theorem 3 with
Γ(p) replaced by Stab[s+ε],X,Kσ (p).
7.2
The wall R-matrices of dual varieties X and X! are related.
Theorem 6. Let s ∈ H2(X,R) and let Ys ⊂ X! be the corresponding subva-
riety, then
RX(s, σ) = aχ(s,·)H RYs(0,−σ!)−1 H−1a−χ(s,·).
Proof. The result follows immediately from the last item of Theorem 5. By
the definition of RX(s, σ) we have
Stab[s+ε],X,Kσ = Stab
[s−ε],X,K
σ R
X(s, σ)
applying Φms as in Theorem 5 gives
Stab
[−ε],Ys,K
−σ! a
−χ(s,·)H−1 = Stab[+ε],Ys,K−σ! a
−χ(s,·)H−1 RX(s, σ)
which means
Stab
[+ε],Ys,K
−σ! = Stab
[−ε],Ys,K
−σ! a
−χ(s,·)H−1 RX(s, σ)−1aχ(s,·)H
thus
a−χ(s,·)H−1 RX(s, σ)−1aχ(s,·)H = RYs(0,−σ!)
the inverse of this identity gives the result.
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The following elementary corollary gives new vanishing conditions for the
matrix elements of RX(s, σ):
Corollary 2. If p! and r! belong to different components of Ys then
RX(s, σ)p,r = 0.
Remark 8. We note that by Theorem 6, a wall R-matrix RX(s, σ) factors
into a product of wall R-matrices RYs associated with Ys ⊂ X!, see Remark 6.
This factorization, in turn, can be applied to each of the new factors RYs and
so on. This recursion leads to a factorization of wall a R-matrix into certain
“elementary matrices”, which can not be further factorized.
8 Application: Hilbert scheme X = Hilbn(C2)
8.1
For a natural number n let X = Hilbn(C2) denote the Hilbert scheme of n
points in C2. This space satisfies all the conditions discussed in Section 2.
The Hilbert scheme is known to be self-dual in the sense that there is an
isomorphism X! ∼= X [2].
The Hilbert scheme X is isomorphic to a Nakajima variety associated to
the Jordan quiver with dimension vector (n) and framing vector (1) see Fig.1.
We refer to [18] for a beautiful introduction into geometry of X. The elliptic
stable envelope classes for X were computed in [29].
Figure 1: The quiver defining the Hilbert scheme X = Hilbn(C2).
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8.2
In this case Pic(X) ∼= Z is generated by O(1). We identify H2(X,R) = R so
that the integer points correspond to c1(O(m)), m ∈ Z.
Proposition 6 ([14]).
• Under the identification H2(X,R) = R the walls of X are located at the
following rational points
Walls(X) =
{a
b
∈ Q : |b| ≤ n
} ∼= R
• For a slope s = a
b
the subvariety Ys ⊂ X! has the following form:
Ys =
∐
n0,n1,...,nb−1
n0+···+nb−1=n
X(n0, . . . , nb−1)
Its connected components X(n0, . . . , nb−1) are isomorphic to the Naka-
jima varieties associated to the cyclic quiver with b vertices, the dimen-
sion vector (n0, . . . , nb−1) and the framing dimension vector (1, 0, . . . , 0),
see Fig. 2.
Figure 2: The quiver defining the Nakajima variety X(n0, . . . , nb−1).
8.3
From the representation theoretic standpoint, the space
Fock :=
∞⊕
n=0
KT(Ys) =
∞⊕
n0,...,nb−1=0
KT(X(n0, . . . , nb−1)) (27)
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is equipped with a natural action of the quantum affine algebra U~(ĝlb) [17].
The K-theoretic stable envelope bases of X(n0, . . . , nb−1) with small ample
and anti-ample slopes correspond to the so-called global standard and co-
standard bases of the Fock module [21]. Theorem 5 then gives:
Theorem 7. Let s = a
b
∈ Walls(X), then under isomorphism (27) the K-
theoretic duality interface Φms maps the standard and co-standard bases of
the Fock U~(ĝlb)-module to the stable bases of X:
Φtms : standard basis of U~(ĝlb) Fock module −→ Hp Stab[s+ε],X,Kσ (p)
Φtms : co-standard basis of U~(ĝlb) Fock module −→ Hp Stab[s−ε],X,Kσ (p)
where ε denotes small ample slope and Hp is the monomial
Hp = (−1)γp~−mp(s)/2aχp(s,·). (28)
This result proves the main conjecture of [13].
Remark 9. The prefactor Hp is computed in Section 4 of our previous paper
[14]. It coincides with the renormalization of stable basis suggested in Section
4.4 of [13].
8.4
Under the isomorphism of U~(ĝlb)-modules (27) the operator R
Ys(0)−1 is the
transition matrix from the standard to co-standard bases of the Fock module.
Theorem 6 thus gives:
Theorem 8. The wall R-matrix RX(s) for X = Hilbn(C2) and s = a
b
coin-
cides, up to a conjugation by the diagonal matrix (28), with the matrix of
transition from the standard to the co-standard basis in the Fock module of
U~(ĝlb).
Remark 10. The above results imply that for a rational number s = a
b
there
exists an action of U~(ĝlb) on
∞⊕
n=0
KT(Hilb
n(C2))
thus confirming the prediction of [13]. This action may also be studied by
non-geometric representation theoretic techniques see [4] for recent advances.
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